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1. Introduction 

Pseudo-differential operators are discussed in various areas of mathematics and mathematical 
physics, for example, in partial differential equations, time-frequency analysis, and quantum me¬ 
chanics They are defined as follows. 

Eet (T be a tempered distribution on phase space that is, a E where denotes 

the space of Schwartz class functions. The pseudo-differential operator T„ corresponding to the 
symbol a is given by 



Here, / denotes the Fourier transform of /, namely. 
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One of the eentral goals in the study of pseudo-differential operators is to obtain neeessary and 
suffieient eonditions for pseudo-differential operators to extend boundedly to funetion spaees sueh 
as L^{W^) (si [511^ [33l . A elassieal result in this direetion is the following. 

For m G M, we let eonsist of all funetions a in sueh that for any multi-index 

(a, /3), there is Ca,p > 0 with 

For a G it is known that aets boundedly on p G (1, cxo). A eonsequenee of 

this result is that if a G S^, then T„ is a bounded operator mapping to where 

iFf (M'^) is the Sobolev Spaees of order s G M; for more details see Wong’s book |[33 . Similarly, 
in lf33]l . Wong obtains weighted L^-boundedness results for pseudo-differential operators with 
symbols in S'™^. 

Smoothness and boundedness of symbols though are far from being neeessary (nor suffieient) 
for the -boundedness of pseudo-differential operators. In faet, every symbol a G de¬ 

fines a so-ealled Hilbert-Sehmidt operator and Hilbert-Sehmidt operators are bounded, in faet, 
eompaet operators on Non-smooth and unbounded symbols have been eonsidered sys- 

tematieally in the framework of modulation spaees, an approaeh that we eontinue in this paper. 

Modulation spaees were first introdueed by Feiehtinger in ||9l and they have been further de¬ 
veloped by him and Groehenig in |[8l|9l[I2[T0l[IIl[T3]|. In the following, set 0(a;) = and 

let the dual pair braeket (•, •) be linear in the first argument and antilinear in the seeond argument. 

Definition 1 (Modulation spaees over Euelidean space). Let M^, denote modulation by u E 
namely, M^f{x) = e^”*'^/(x), and let Tt be translation by t E that is, Ttf{x) = g{x — t). 

The short-time Fourier transform V(i,f of f E ^'(M^^) with respect to the Gaussian window f is 
given by 


V^f{t, u)=J^{f T.cf) (u) = if, MM) = j fix) -t)dx. 

The modulation space 1 < p,q < oo, is a Banach space consisting of those f G iS'(M'^) 

with 


ii/iim«= wwl., = [J [J\v4{t,v)\’‘dty'’’di^y''‘ < oo, 

with usual adjustment of the mixed norm space ifp = oo and/or q = oo. 

Roughly speaking, distributions in M^'?(M'^) ‘decay’ at infinity like a function in and 

have the same local regularity as a function whose Fourier transform is in L'^(M'^). 

The boundedness of pseudo-differential operators on modulation spaces are studied for various 
classes of symbols, for example, in [[51171HH [271HH [30l [3T1. In [[271HH for example. Toft 
discusses boundedness of pseudo-differential operators on weighted modulation spaces. In [[51, 
Nicola and Cordero describe a class of pseudo-differential operators with symbols a in modulation 
spaces for which Ta^ is bounded on 
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The modulation space membership criteria on Kohn-Nirenberg symbols used in |[51 171 
do not allow to require different decay in x and ^ of a{x,^). In the recently developed sampling 
theory for operators, though, a separate treatment of the decay of x and ^ was beneficial El 
[23l[24l|. In fact, this allows to realize canonical symbol norms of convolution and multiplication 
operators as modulation space norms on Kohn-Nirenberg symbols. Motivated by this work, we 
give the following definition. 

Definition 2 (Modulation spaces over phase space). The symplectic Fourier transform of F e 
is given by 

JF{t,o)= [ (1-1) 

where [(x, (f, z/)] is the symplectic form of{x,^) and (t, v) defined by [(x, (f, z/)] = x-u—^-t. 

Analogously, symplectic modulation M(^t,u) is M!^t,u)F{x,^) = (^). 

The symplectic short-time Fourier transform V^f of F G is given by 

V^F{x,t,^,u) = z/) = (1.2) 

_ 11 - X. { - 0 

The modulation space over phase space 1 < Pi,P 2 ,qi,(l 2 , < oo, is the Banach 

space consisting of those F G S'(M?'^) with 

ll^ll MPiP2nn \\v^n LP1P2^1^2 

/f/f/f/f,- ,, ,, \P 2 /pi \qi/p 2 \q 2 /qi \^/qi 

= \J \J \J \J dvj 

< oo, (1.3) 

with usual adjustments ifpi = oo, p 2 = oo, qi = oo, and/or q 2 = oo. 

Note that the order of the list of variables in (11.21) is crucial as it indicates the order of integration 
in (11.31) . We choose to list first the time variable x followed by the time-shift variable t. The time 
variables are followed by the frequency variable ^ and the frequency-shift variable u. Alternative 
orders of integration were considered, for example, in If2l[51 l27l[28ll . 

Below, C{X, Y) denotes the space of all bounded linear operators mapping the Banach space 
X to the Banach space K; C{X,Y) is equipped with the operator norm. Below, the conjugate 
exponent of p G [1, oo] is denoted by p'. Our main result follows. 

Theorem 3. Letpi,p 2 ,p^,pi, qi,q 2 ,Q 3 ,(li ^ [1; cxoj. Then there exists (3* > 0 such that 

< C a G (1.4) 

if and only if 

^ + —, P4 < min{pi,p2}, (1-5) 

P\ P2 P3 Pa 

1111 r / T 

— H-<-^-, g4< mm{gi,g2}- (1-6) 

qi 92 93 94 
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Figure 1: For fixed pi, P 2 and qi,q 2 , we mark the regions of (^, ^) and for whieh every 

a G MP3P4i?3<?4(^]^2d^ induces a bounded operator T^- : In fact, for (^, 

and (^, i) in the hashed region, there exists C > 0 with \\T^\\c{mpi<ii,mp 2 <i 2 ) < C \\cr\\j^p^p^q^q^. 
The conditions on the time decay parameters Pi, P 2 , Pa, Pa are independent of the conditions on the 
frequency decay parameters (?i, ^ 2 , 93 , Q' 4 - 

Theorem [l2] below is a variant of Theorem [3] that involves symbols in weighted modulation 
spaces. 

Observe that (11.51) depends only on the parameters p*, while (11.61) depends analogously only on 
the parameters That is, the conditions on decay in time and on decay in frequency, or, equiva¬ 
lently, on smoothness in frequency and on smoothness in time, on the Kohn-Nirenberg symbol are 
linked to the respective conditions on domain and range of the operator, but time and frequency 
remain independent of one another. See Figure 1 for an illustration of conditions (11.51) and (11.61) . 
An L^-boundedness result for the introduced classes of pseudo-differential operators follows. 

Corollary 4. Let p, ps, p 4 , q, 93 , 94 G [1, 00 ]. Assume 

1111 , , , 

— + -<-^-, P 4 < mm{p , 9 }, 

P 9 P3 P4 

and 

' l + l + 94<min{p,9}, if p,9G[l,2], 

1 + ^ <^ + ^, 94 < min{p, 9 '}, if 1 < p < 2 < 9 , 

jr + Y + 94 < min{p', 9 '}, if 2 < min{p, 9 }, 

^ +I <1 + ^, 94 < min{p', 9 }, if 1 < 9 < 2 < p. 

Then T^j : —)■ is bounded and there exists a constant C > Q such that 

\\TAc[LvM) < C |k||^,3P4.3.4, ^ e M™394(^2d)_ 
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Corollary m encompasses, for example, the space of Hilbert-Schmidt operators on 
namely 

= {T^: a e M2,2,2,2^^2d^ _ c C{L'^(R^), L'^(R'^)). 

Moreover, Corollary |4] reconfirms also L^-boundedness of Sjostrand class operators Il25ll26ll . 

Sj C {T, : a e ^ c(^L\R^), L\R^)y 

Using the weighted version of Theorem[3l namely, Theorem[l2l we get the following boundedness 
result for Sobolev spaces. 

Corollary 5. Let pi,p 2 ,P 3 ,PA G [1, cxo] and s G M. Let w be a moderate weight function on 
satisfying 

w{x,t,o,^) < (l + + e R’^. 

Assume that 

fill r / T 

— H-<-^-, p4< mm{p^,p2}- 

Pi P2 P3 Pi 

Then ^ 

\\T4c,hP.hP) < C Ik||jj..„.u, a e 
for some constant C > 0. 

The paper is structured as follows. Section 2 discusses mixed norm spaces and modulation 
spaces over Euclidean and over phase space in some detail. In Section 3, our boundedness re¬ 
sults for pseudo-differential operators with symbols in modulation spaces over phase space are 
compared to results in the literature. Finally, in Section 4 we prove our main results. Theorem [3l 
Corollary m and Theorem [T^ 


2. Background on modulation spaces 

In the following, x, t, v denote d-dimensional Euclidean variables. If not indicated differently, 
integration is with respect to the Eebesgue measure on M'^. 

Eet r = (ri, r 2 ,..., r„) where 1 < < cx), f = 1, 2,..., n. The mixed norm space L''{R^) is 

the set of all measurable functions / on for which 



is finite m. (M"^) is a Banach space with norm || ■ H^^r. Similarly, we define where 

Ti = oo for some indices i. 

If n = 2 d, ri = r2 = ■ ■ ■ = Td = p and r^+i = ■ ■ ■ = r2d = q, then we denote 
by LP'^(R^^). Similarly, if n = 4 d and ri = r2 = • • • = = pi, Vd+i = ■ ■ ■ = r2d = P2, 

r2d+i = ■■■ = r3d=P3 and r^d+i = ■■■ = rM = Pi, we write Lp^p^p^p*(R‘^^) = 
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Let w be a nonnegative measurable function on We define to be the space all / on 

M” for which wf is in is a Banach space with norm given by 

II/IUe, = Ik/IU- 

In time-frequency analysis, it is advantageous to consider moderate weight functions w. To 
define these, let Mq be the set of all nonnegative points in M. Any locally integrable function 
u : -)■ with 

v{x + y) < v{x)v{y) 

is called submultiplicative. Moreover, if te : M” —)■ is locally integrable with 

w{x + y) < Cw{x)v{y), 

C > 0, and v submultiplicative, then w is called moderate. 

The short-time Fourier transform of a tempered distribution / G with respect to the 

window -0 e is given by 

V^f{x,0 = HfT.m) = 

where and denote modulation and translation as defined above. 

With (j){x) = w moderate on and p,q ^ [1, cxo], the modulation space 

is the set of all tempered distributions / G such that 

V^f G 

with respective Banach space norm. Clearly, if te = 1, then Moreover, for 

any s G M let 

+ 1 ^ 1 ^) ^ 

and denote by 

Note that replacing the Gaussian function 0 in the definition of modulation spaces by any other 
0 G S{W^) \ {0} defines the same space and an equivalent norm, a fact that will be used extensively 
below. 

Recall that the Sobolev space Hp{W^) consist of all tempered distributions u G for 

which IlMllHf = < C )0 l[27]l . For any s G M and l<g<p<r<g'<cxowe have 

Mf (M”^) C (2.1) 

and for some G > 0, 

Similarly, l<g'<r<p<g<cx) implies 

C Mf (2.2) 
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and for some constant C > 0, 


ll/lUr < cUWh;, f e h:{r^). 

Let be the space of all tempered distributions / in for which there exists a function 

h G L^iW^) such that h = f. Then is a Banach space equipped with the norm 


||/||j*^LP - \\h\\LP- 

The following lemma shows that modulation space norms of compactly supported or bandlimited 
functions can be estimated using and U' norms respectively Il22l l^[^l29l. 

Proposition 6. For iT C compact and p,q E [1, oo], there are constants A, 5, C, D > 0 with 

(0 < II/IImp'j < B\\f\\jrLq, f G with supp f C K; 

(ii) C||/|Up < II/IImp'j < DWfWiP, f G with supp f F K. 

In the following, we shall denote norm equivalences as in statement (*) above by 

WfhLi WfWMPi, f E supp / c K. 

Similarly, statement (ii) becomes 

II/IIlp - II/IImpp, /g 5'(M'^), supp/ciT. 

The symplectic Fourier transform of F G given in (11.11) is a 2(i-dimensional Fourier 

transform followed by a rotation of phase space by This implies that the symplectic Fourier 
transform shares most properties with the Fourier transform, for example. Proposition 0 remains 
true when replacing the Fourier transform by the symplectic Fourier transform. 

Let Pi,P 2 ,qi,q 2 E [1, cxo] and let te be a u-moderate weight function on The weighted 
modulation space over phase space is the set of all tempered distributions F E 

^/(]^ 2 d) for which G 

Recapitulate that for F G we have V^F{x, t, u) = V^F{x, z/, —t), 

ll^ll 

= (/(/(/(/ dty du^ , 


and 


ll^ll MP1^1^2P2 — LP1^1W2 


\V^F{x,i,v,t)\P^ dx]^ d^ 


q2/qi \Pl/qi 

dv\ dt 


i/pi 
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with usual adjustments if pi = oo, p 2 = oo, qi = oo, and/or q 2 = oo. This shows that the 
definition of is based on ehanging the order of integration and on relabeling the 

integration exponents aeeordingly. Mixed spaees are sensitive towards the order of integration, 
and, hence ^ jl^piP 2 gig 2 (']^ 2 d^ ^ j\^piP 2 <?ig 2 (']^ 2 d^ general. 

But for 1 < p < g < oo, Minkowski’s inequality 

( / ( / \F{x,y)\Pdxy^^ dyY < (^ J J \F{x,y)\'^ dyy^‘’ dxY 

(with adjustments for p = oo and/or q = oo holds and implies the following. 

Proposition 7 . Let pi,p2, qi,q2 G [ 1 , oo] w be a moderate weight function on 

(a) Ifp2 < min{gi,g2}, then iV£Pi'?i'?2P2(']^2d^ ^ ]\ppiP2qiq2^^2d^ 

||cr||^PlP2-J192 < \\a\\j^Pin<12P2. 

(b) //max{gi,g2} < P2, then MPiP29i92('^2d) ^ MPi<?i92P2('^2d^ 

< ||a||^PlP291-J2. 

Note that results similar to ours could also be achieved using symbols in but 

the so obtained results would be weaker and they would necessitate the additional condition p 4 < 
minjgg, ^ 4 } . ^ 

The modulation space over phase spaceM^^^^^^^^ shares most of the properties of ordinary 
modulation spaces. For example, if pi <pi,p 2 <P 2 ,qi < qi and q 2 <q 2 , then 

ffpiP2qiq2^^2d^ C , (2.3) 

and _ 

||cr||~pi,P 2 ,n.« < \W\\]^PiP2‘ii<!2, a e MPi’P 2 ,g 2 ,g 2 (']^ 2 d^_ 

Furthermore, let Pi,P 2 ,Qi,(l 2 ^ [1; oo]. Then the dual of M^i^’ 2 gw 2 (']^ 2 d^ (M^'^) where 

p'l, P2, q[, ^2 are conjugate exponenets of pi,P2,qi, q2 respectively. 

The proofs of these results for modulation spaces over phase space are similar to the ones for 
the ordinary modulation spaces [fT4ll . and are omitted. 

3. Comparison of Theorem |3| to results in the literature 

Cordero and Nicola as well as Toft proved the following theorem on M^^-boundedness for the 
class of pseudo-differential operators with symbols in see Theorem 5.2 in |151 and 

Theorem 4.3 in Il27]l . 

Theorem 8 . Let p, q, si, S2 G [ 1 , 00]. Then for some C > 0 , 

||^(t||£(mp9,mp9) < C* ||(t||m'’ 1’“1'“2.'>2 , cr G (3.1) 

if and only if 

S 2 < min{p,p',g,g', s)}. 
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Roughly speaking, to apply TheoremlH we need to ensure that a{x,^) has L® ‘decay’ in x and 
^ and that J^a{u, —t) = v) has ‘decay’ in t and v. To apply Theorem [3l 

it suffices to ensure that cr(x,^) has ‘decay’ in x and ‘decay’.^, and that J^sO'{t,u) has 
]^mm{p,p',s[} ‘(jgcay’ in t and ,^ 2 } ‘dggay’ in v. 

Using embeddings such as (12.31) . we observe that indeed Theorem [8] provides boundedness of 
To- if and only if 


ae IJ M*’"’"'’*' C IJ M*’"'’*’"' (3.2) 

s=maDi.{p,p' ,q,q'} s=m£ix{pyp' ,q,q'} 

while Theorem [ 3 ] provides boundedness of if and only if 

00 00 

ae IJ J 

si=max{p,p'} S2=niax{q',q''} 

To obtain the set inclusion in (13.21) . we used Theorem |7] and the fact that s > max{p,p'} implies 
s > 2 > s'. 

As T^ = Theorem [8] implies the following T^-boundedness result. 

Corollary 9. Let r,s e [1, 00 ]. Then for some C > 0, 

ll^cr||£(L2,L2) < C* O' G , 


if and only if 


s < min{2, r'}. 


Corollary |9] has been obtained earlier in 2003 by Grochenig and Heil IfTSl . As comparison, we 
formulate the respective consequence of Theorem [3l 

Corollary 10. For r,s G [2, 00 ], there exists a constant (7 > 0 such that 

\\TA\c{l^l^) < a G 

As example, note that Theorem [8] does not imply that T„ : L‘^(W^) L‘^(W^) is bounded for 

a G But as C Theorem [3] indeed implies bounded¬ 

ness of To- in this case. 

For compositions of product and convolution operators, Theorem[3]implies the following result. 
Corollary 11. Forp, q G [2, cx)], let hi G (Mf) and /i 2 G Define 


Tf = hi-{h2*f), feL^iR^), 

and 

Hf = {hi-f)*h, feL^R). 
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Then T and H are bounded operators on and moreover, there exist positive constants C and C 
such that 

\\T\\c(l'^,l-^) < C ||/ii|| MP.9' IM 


and 


\\H\\c{l^,l 2 ) < C' ll/iillMP.p'll^allMp'-p- 


The proof of Corollary fTTl follows immediately from Corollary [TOl Lemma [20l and Lemma [21] 
Note that not separately, the eonvolution and multiplieation operators above may not be bounded 
operators. 


4. Proof of Theorem SI Corollary HI and Theorem 12 


4.1. Proof of Theorem [12 and thereby of (11.51) and (11.61) implies (11.41) in The¬ 
orem |3| 


In this seetion we prove the weighted version of one implieation of Theorem[3l that is the following 
theorem. 


Theorem 12. Let Wi , W 2 be moderate weight functions on and wbea moderate weight function 

on that satisfies 

w{x,t, u,^) < Wi{x - t,^)w2{x, V + ^f). ( 4 . 1 ) 

Letpi,p2,P3,PA,qi,q2,q3,q4: e [ 1 , oo] be such that 

4- + — < — + —, Pa< min|pLp2l, 

p' p2 — p3 p4 ’ 

4- + — < — + —, g4< minjgT, 02 }. 

Then there exists a constant C* > 0 such that 


To prove Theorem fT^ we need some preparation. For funetions / and g in the Rihaezek 

transform R{f, g) of / and g is defined by 

For a G pseudo-differential operators are related to Rihaezek transforms by 

{T„f,g) = {a,W^) 

for all funetions / and g in We define A, Ta by 


{TaF){x, t) = F{A{x, t)) = F{x -t,x). 
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Then 


where 


R{f,g){x,0 = 

Rt^J{- + x) = I e-2-*«/(t + x)c?t. 


Lemma 13. Let (p be a real valued Schwartz function on Then for all f and g in 


VTA{v^v)TA{f^g) {x, t, u, 0 = V^f{x - t, 0 V^g{x, z/ + 0- 
Proof We eompute 

VTA[^(Sv)TA(]®g) (x, t, z/, 0 

— x^t — t) dx dt 

f — t)ip{x — X — t + t)dt^ g{x)(p(x — x) dx 

— {x — t))ip(x — x) dx ds 


e '^'^^^‘^f{s)ip{s — {x — t))ds 


^—27ri{u+^)x 


g{x)(p{x — x) dx 


= V^f{x-t,^)V^g{x,iy + ^). 


□ 


Lemma 14. Let ip G be a nonzero even real valued Schwartz function on Then for all 

f and g in 

9) t) = VT^^^^^)TA(f®g) (a;, -f 0 ■ 

Proof For all / and g in 5(M'^) 




g){f, ORiP, T){x-x,i- 0 dfdi 


^ II ^ - ■))g{x)Rj_^^_^{Lp{x -X- ■))ip{x - x) dxdi 

= II - ■))g{x)Rj_^^_^{ip{x -x- ■))ip{x - x) dxd^. 

( 4 . 2 ) 
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On the other hand, Parseval’s identity gives 


VTA{^^v)TA{f®g){x, t, U, 0 

— X,t — t) dx dtt 


But, 


therefore. 


j e — t)ip{x — x — t + t) dtj e '^'^^^’^g{x)(p{x — x) dx 

-x + t- ■))e“^'“‘'9(J)i/>(S - x) il^dx. 

- X + (-.)) = - X - .)), 


VTMxa^,)TA{f0g){x,t,-',i) = ■ 

— X — ■))g{x)ip(x — x) dxd^. 

Combining this identity with (14.21) eompletes the proof. □ 

Proposition 15. Let wi,W 2 ,w be moderate functions that satisfy 

w{x,t, U,^) < Wi{x - t,i)w 2 {x, V + ^). 

Let ip be a nonzero real valued Schwartz function on and define 

VTA{v<^<p)TA{J^g) {x, t, u) = VTA{^^^)TA(j®g) 0 ( 4 - 3 ) 

forall f,g G 5(M'^) andxfi^^.u e M'^. If Pi,P 2 ,P 3 ,P 4 , Qi, q 2 , Qs, Qi e [l,oo] satisfy 

= i + P3<min{pi,p2,P4}, 

^ + ® + ^3- q 2 , qfy, 

then 

||Vr^(<^®^)TA(705f)||iraP4'i3M < \\f\\MlfA\9\\Ml%''^- 

Proof By Lemma [TSl we have 

VTA{^<^v)TA(f®g) {x, t, v) = v^f{x - t, 0 v^g{x, u + ^). 

So, by (14.11) . for t,^,u e ISf, 

lk(-, t, ^WTA{v(Z>v)TA(f®g){.A f, i, l^)\\ lp3 

- {J \^Ax-''^yO[Kf)i^-'>^yOAA^2{x,u + ^)(v^gYx,u + ^)fydx'^ 

= (^\w2i-,^+ovv9i-,^+or 
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Then, (14.41) implies 


ri Si ai ’ 

with ri = P 2 /P 3 > 1, Si = pi/ps > 1 and Oi = P 4 /P 3 > 1, henee, we ean apply Young’s 
inequality and obtain 


•, •, v) ||lp3 .P4 

< \\\yh{;V + OV^<j{;V + Orfln lll«>i(-.?)V'y/(-.?)rill^f. (4.5) 

To estimate (14.51) further, we note that integrating with respeet to ^ ean be again eonsidered a 
eonvolution. In faet (14.41) leads to 

11 1 
-1-— 1 H-, 

where r 2 = q 2 /q 3 , S 2 = qi/qs and 02 = q^/qs- Young’s inequality then implies 


11 ) 11LP3P4 93 94 


< 


\w2{x,y)V^g{x,y)\^^''^ dx) 


\{r2q3)/{P3ri) \l/(P2g3) 




\wi{x,y)V^f{x,y)f^"^ dx) 


dy 


\ (S 2 q 3 )/(P 3 S 1 ) \ (1/^293) 


dy 


whieh eompletes the proof. □ 

Now, we are ready to give suffieient eonditions on the boundedness of pseudo-differential 
operators with symbols in 


Lemma 16. Letwi,W 2 , w be moderate weight functions that satisfy (14. il) . Letpi,p 2 , pz. Pa, qi, q 2 , qz, qA G 
[ 1 , cx)] be such that 



- + - - 
P'l P2 

± + ±- 
9i ^ 92 


—, min{4-, —, —} , 

P4 ’ Pi P2 ’ P4 J J ’ 

— min{4-,—, —I • 

94 ’ 9i ’ 92 ’ 94 J 


(4.6) 


Then there exists a constant C > 0 such that 


< C \\a\\^V3Pi<13<!i, 




(4.7) 


Proof Let us first assume pi,p 2 ,P 3 ,P 4 , 42 , 43 , 44 £ [1, cxo] satisfy (14.61) and in addition 


1111 ,1111 

— H-—- 1 -and — H-—- 1 -. 

Pi P 2 Pz Pa 4i 42 43 44 


(4.8) 
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/ 


Let f,g ^ Since the dual of M^3P4g3g4(']^2d^ it follows that 


\{TJ,g)\ = \{a,R{f,g))\ 


- \\^\\MZ3P413u\\R{f,g)\\ 




To obtain (14.71) . it is enough to show that there exists (7 > 0 such that 


Let 9 ? be a nonzero real valued even function in Then by Lemma [T4l 




= VTj,{^^^)TA(f®g) {x, t, U, 0 
= '^TA{^®^)TA(]®g) v) 

where VTA{if®f) is defined in (14.31) . Therefore, by Proposition [T5l we have 


ll^(/,f?)ll 


,/ j j 




= ||Vt^(^^^)Ta(/®c/)|| 




< 


iviu)2 


To obtain (14.71) in the general case, that is pi, P 2 , Ps, P 4 , 7i, 72 , 73 , 74 G [1, oo] satisfy (14.61) but not 
necessarily (14.81) . set 

1 _ 1 ^ 1 _ 1 ^ ^ ^ ^ 

P2 P3 P4 P'l 72 73 74 q'l ' 


Then it is easy to see that p 2 < P 2 , 72 < 72 and Pi,P 2 ,P 3 ,P 4 , 7i, 72 , 73, 74 e [1, oo] satisfy (|4]6l). 
Hence 

< C II^-t/|1a^P 2,?2 < l|/llMSl’l|kllMraP493M, 

for some (7* > 0. □ 

Proof of Theorem [l2t Let / G S{W^). Set 

fill ,1111 

— —r H-and — — — H-. 

P3 Pi P2 Pa 73 7i 72 74 

Then it is easy to see that 

P3 > P3, 73 > 73- 

Furthermore, {pi,P 2 ,P 3 , Pa, 7 i, 72 , 73 , 74 } satisfies (14.61) . therefore there exist Ci, (^2 > 0 such that 

II^O-/IIm£|'^ 2 < (T'lll/lljy^Pm ||cr||^P3,P4.93,q4 

< C'2||/||MSrll^^llM™ P 49394 • 
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4.2. Proof of Corollary m 

Let 1 < p, g < 2. By Theorem [3l T„ : M^’P' —)■ is bounded. Using the bounded embeddings 

MP c C for all 1 < p < 2 (for more details see (HI), it follows that T^. : Lp(W^) —)■ 
L^{W^) is bounded. Similarly, using C C. for all g > 2, we can prove T^- : —?■ 

L'^{W^) is bounded for p, ps, P 4 , g, gs, Qa satisfying (b) or (c) or (d) in Corollary IH □ 


4.3. Proof of (11.41) implies (11.51) . (11.61) in Theorem 


To show necessity of (11.51) and (11.61) in Theorem [3l we shall use two mixed L'^ norms on phase 
space, namely, 

\\F\\L^=[j [j\F{x,or 
and 

iifiii..=(/ (/ 

for p, g e [1, cxo). For p = oo and/or g = cxo we make the usual adjustment. 

Similarly, we can define to be the space of all functions / E for which 


II/IImp^ = W^fWipi < 

where <p G \ {0}. Note that it can be easily checked that 


II/IImp? “ II/IIm'jp. 

Below, we use an idea from the proof of Proposition [6] given in (23 to prove the following lemma. 
Lemma 17. Let K C be compact. Then 

II^IImP 3P4'J394 II *^11 J'Z'J4P4 ) (J G iS (M ), SUpp (T C K. 

Proof. Choose r > 0 with supp a C where 

= {xE : ll^ll < r} 

is the Euclidean unit ball in with center 0, radius r and Lebesgue measure |i?^'^(0)|. Let 
'0 G with supp Ip C Then it is easy to see that 

= \a * 

where 

Therefore, for fixed t, v we have 


supp 


U,/,(T 




C supp (a) + supp {My_t'ip) 
C 5“(0)+ 5“(0) C 52^(0). 


(4.9) 
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Let ^ G -B2r(0)- Then by (14.91) . 




IPS _ f 

lLP3(Rd) / . 

1 V^(t|^^(x, t, v) dx 






< 

K(o)l 1 

\V^(T{-,t,^,u)\\ 

i« = K(o)i|[<T*Af„,_,v.(-,o|L„ 


< 

K(o)l 1 

\a * 

. <|Bi(0)|||.F-‘(5r„,_,|)||^„ 


< 

|B2/(o)I I 

|aT^,_t^||^i = 

|Pi(0)l (PI » l>?l)(-l',() 

(4.10) 


On the other hand, if G \ then by (14.91) . 

||^^(x(-,f,e,i^)||LP3 =0. (4.11) 


Therefore, (14.101) and (14.1 II) imply 

V^a 

< |Bt(0)|‘''>’> f ( 


CT 


MP3P4'I3'34 


LP3P4'23'J4 


BtiO) 


_ , , \ 93 /P 4 \ 94/93 \ 1/94 

{\a\*\'ijj\{-u,t)y^dtj d^j duj 


< |fi^,(0)|T/P3)+(V93) |a|*|^| 


^ \ 94 /P 4 \ 1/94 

(|a| * |'0|(—(if j du 


L94.P4 




L'24>P4 • 


Now, let ^ G be compactly supported with -0 = 1 on ii|)?(0). Let XB^d.(o) be the 

characteristic function on Then using supp a C B'^^{0), it follows that for all x, f, z/ G 


Hence, 


CT 


= XBf{o){x,0 f a{x,l)e-‘^^"^^''-^^'^il){x-x,l-Cldxdl 

./B2d(o) 

= Xb2‘Z(o)(^,0 / 

./B2d(o) 

= Xs2d(o)(x,0-^c^(«^,-i)- 


—2'Ki{xu—^t) 


dx d^ 


MP3P 4,1314 


II ^*^IIlP3P49394 — ||^B|^(0)^ 


cr 


liP3P49394 


- ||Xb2^(0)IUp393 I 

which completes the proof. 


\(T\ 


XL14’P4 


□ 
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Lemma 18. Let A > 0 and ipx(x) = e Then for A > 1, 

and 

\\T\-A\Mv<i X \\Tx-A\mvi - 

The proof of Lemma [TS] is an immediate eorollary of Lemma 3.2 in dH and is omitted here. 

Lemma 19. Let K G Mf be compact. For h E and X > 1 set h\{x) = 

Then for all p, q E [l,C)o], 

\\hx\\Mv. X \\h^\\L, X h E supp hcK. 

Lemma [T9] is well known and its proof ean be found in, for example, [|5l . 

Lemma 20. Let hi, 1x2 E and 

p{t, v) = h2{f)hi{v), t,u E MA. 

Ifu = Then we have 

(t(x,0 = {M^h 2 * hi){x) (4.12) 

and 


TJ = {hif)*h2, fESiR'^). 


(4.13) 


Moreover, 


II ^11 7VrP3P4^3'?4 II (^1 II iVfP3’'?4 II (^2 II ArP4>53 . 

Proof Clearly, (14.12!) and (14.13!) hold. Now, let p be any nonzero real valued Sehwartz funetion 
on R^. Let 


p) = p{t)p{p)e 

and define 

Then 


V^a{x,t,^,p) 


(a, M,,,_tTx,elA) 
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Now since is a unitary operator, it follows that 


Henee, 


r]{t, V) + t,u-u) dtdu 


h{u)h2{t)ip{u - iy)ip{t + t) e-2-M-i) ^2nit{u-i) 

= \{V^hi){u,x-t)\ \{V^h 2 )i-t,u - ^)\. 


kt 


MP 3 P 4 < 33'?4 


= ll/^ill MP 3.94 ||/i2|lMP4.'J3. 


□ 


Similarly, we ean prove the following. 

Lemma 21. Let Let hi,h 2 E and a = hi® h 2 - Then 

TJ = hi-ih2*f), /g5(M") 


and 


\\hi ® h 


2 11 MP3 P4 93 94 


= \\hi 


IIIMP 3.94 ||^2||m93.P4- 


Proof of (11.41) implies (11.51) and (11.61) in Theorem |3]: Let h G be ehosen with eompaet 

support and /i(0) = 1 and h{x) > 0 for all X e M"*. Then for any A > 1, we define hx and ax 
respeetively by 

hx{x) = 


and 

= h®hx{x,C) = Kx)hx{C)- 

Let fx = F^^hx- Then fx G and 


T„Jk(x) = j dt 

So, T^^fx is independent of A. Sinee ax has eompaet support, by Lemma [TtI and Lemma [T9l 

<^a|| MP3P49394 ^ II‘^‘^a||j;, 94 :P 4 

= ll^llL 94 (Ed)||/lA||LP 4 (Rd) 

X \Wpi)-W^) _ 

Moreover, by Lemma and Lemma [T^ sinee Tfx has eompaet support, 

||/A|lMPi9i(Rd) = ||/A||LPi(Rd) W2)_ 


(4.14) 

(4.15) 
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Hence by (11.41) . (14.141) and (14.151) . there exists (7 > 0 such that for all A > 1 


But \\To-f\\\MP 2 <i 2 (s.d) is nonzero and independent of A, therefore ^ ^ — d > 0, andp 4 < p[. 

To prove < q[, we let hi = f = h\ and /i 2 G be such that h 2 is compactly supported, 

independent of A and 

\\{hlf) * ^2||LP2(Kd) 7^ 0. 

Let a = ^7] where 

pit, u) = 

Then by Lemma [20l and (11.41) 

\\{hif) * /i2||LP2(Rd) < C ||/il||L54(Rd)||^2||LP4(Rd)||/||L'Jl(R‘')) 

for some constant C > 0. So, by Lemma [T9l for all A > 1 

\\{hlf) * /12||lp2(R<^) < C 

but Wihif) * h 2 \\ iP 2 (R<i) is nonzero and independent of A, therefore (d/qi) + (d/gi) — d > 0 and, 
hence, q^ < q'l- 

Now, let hi = f = px and h 2 = q:>x-i, where px and v^a-i are defined in Lemma [TSl If we let 
a = hi ® h 2 - Then by Lemma [18] and Lemma [211 for A > 1 we have 

lln-ll— -- \d/q?.-dlq^ 

11^ llMP3P493'J4(R2d) ^ 

and ||/||mpiw(R‘^) ^ A“'^/^i. On the other hand T„f is also a Gaussian function and it can be easily 
checked that 

||^o-/||MP2‘J2(R<i) ^ A 

Therefore by (11.41) 

ydlq3-dlq'^-dlq[+dlq'2 ^ 


for all A > 1. Hence, we get 

1111 

— H-<-^-• 

qi q2 qs q^ 

Similarly, by letting hi = f = (fx-i and h 2 = ^x, we get 

1111 

— H-<-^-• 

Pi P2 P3 P4 

Again assume a has the form given in Lemma [20l Let h{x) = f{x) = and /i 2 = Px-^- 

Then is also a Gaussian function, moreover by Lemma [TSl and (11.41) for all A > 1 


yllpi-dlp2 y. (J 
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for some C > 0. Hence <p 2 - 
To prove q 4 < q 2 , we let 

where hi and h 2 are compactly supported Schwartz functions on Then a is compactly sup¬ 
ported and therefore by Lemma [TVl 


ll‘^llMJ’3P493'J4(R2ii) 

On the other hand, by an easy calculation, we have 


\j'a\{u,t) = \Vh:,h 2 \{t,u) = \v^hi\{t,u). 


Therefore, 


and 


(J 


lMP 3 P 4 ‘J 3 ' 24 (K 2 d) ^ 


(4.16) 


ll‘^llMP3P4'I394(R2d) ^ Chi I|(^2||lP4( 

where Chi Ch 2 are positive constants depending on hi and /i 2 respectively. Let hi = hx and 
/i 2 be any compactly supported function and / be a Schwartz function on and both /i 2 and / be 
independent of A such that (/i 2 , /) 7 ^ 0. Then 


\\TJ\\ MP 2 'J 2 (Rd) — ||(^i||mP 29'2 


(4.17) 


InW— < Cl, \W<l4)-{d/2) 

1^ llMP3P49394(M2(i) ^h2 


and by (14.161) 

Hence, (14.171) and (11.41) imply 

\{d/q4)-(d/q2) y 

where (7 > 0 is independent of A > 1. Hence (< 7 /^ 4 ) — {d/q 2 ) > 0 which implies that q^ < q 2 - □ 
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